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Abstract—Maulti-level flash memory increases storage density
by allowing each cell to store multiple voltage levels, but this
often increases read latency due to repeated threshold sensing.
SHare Codes (SHC), introduced recently by Shibata et al. in
[1], provide a flexible coding framework that enables fast read
access by distributing information across cells and allowing
cell-specific threshold tests. We continue the study of SHC
schemes that operate at full storage capacity, with the goal of
minimizing the average read cost required to retrieve the stored
data. We derive general upper and lower bounds and present
explicit constructions with improved performance compared to
simple Gray-code-based schemes.

1. INTRODUCTION

The rapid proliferation of digital applications from mobile
devices to hyperscale data centers serving Al workloads
has driven a sustained increase in demand for flash mem-
ory. Meeting this demand requires not only higher-capacity
storage but also fast read access. A standard approach to
increasing storage density is multi-level cell (MLC) technol-
ogy, which stores multiple bits in each cell. However, MLC
typically increases read latency, particularly in the number
of threshold-voltage tests required to retrieve information.

While read latency is a major bottleneck in MLC flash, a
significant body of work has focused on optimizing the write
process. In particular, write-once memory (WOM) codes
exploit the asymmetric nature of flash cells where voltage
levels can only be increased between erase operations to
enable multiple logical writes to the same physical cells [2]—
[15]. These schemes improve endurance and reduce erase
frequency, but do not address the cost of reading information
from multi-level cells.

To address this challenge, various coding schemes have
been proposed to optimize the trade-off between storage den-
sity and read performance. One such approach is Random
Input—Output (RIO) codes [16] [17], which enable reading
a bit using the same single threshold test across all cells,
but sacrifice storage capacity. A more general framework,
introduced in [1], [18], [19], is the novel SHare Code
(SHC) paradigm, in which information is distributed across
multiple cells, allowing parallel single-threshold operations.
This scheme achieves faster reads while preserving the
structure of multi-level storage.

An SHC(n, k) system consists of » memory cells, where
each cell can store one of 2% possible voltage levels. Overall,
the system stores a binary vector of length nk. To recover
the stored data, the reader performs threshold operations on
the memory cells. Intuitively, a threshold operation checks
whether the voltage of a cell exceeds a certain level. Unlike
RIO codes, which use the same set of thresholds for all
cells, SHC schemes allow each cell to be queried using its
own (possibly different) set of thresholds. As shown in [1],

[18], [19], this added flexibility can significantly reduce the
average number of threshold operations required for reading.

More specifically, assume that v is the stored vector in n
cells and v; is the bit we want to retrieve. Then, on every
cell j € [n], we perform ¢; threshold operations and collect
the outputs to decode the i-th bit of the input. The cost of
reading the i-th bit is the maximum number of threshold
operations performed on any single cell and we define the
total reading cost of the scheme as the average cost across
input bits. This is the central parameter of the scheme, and
we aim to minimize it.

II. ProBLEM DEFINITION AND OUR RESULTS

For a positive integer n, we denote by [n] = {1,...,n}
the set of all natural numbers between 1 and n. For a set S,
we denote its cardinality by |S| and its power set by P(S).
Lowercase bold letters a,b,c denote binary vectors and
the zero vector of length n is denoted by 0". Furthermore,
addition of binary bits or binary vectors is performed over
the field F,.

Our definition of an SHC scheme is more general than
that given in [1]. We choose to present it in order to point
out that one can consider studying extensions of the model
in order to achieve better performance. We begin by giving
the formal definition of a threshold operation and then we
define an SHC scheme.

Definition IL.1 (Threshold operation). Let a € [£]. A
threshold operation with respect to a is denoted as 1, :
[€] — {0,1} and is defined by tv,(c) = 1 if ¢ = a and
74(c) = 0 otherwise.

Definition II.2 (SHC). An SHC(n, ¢, b) scheme is an en-
coding scheme consisting of n cells, where each cell can
store one of € distinct voltage levels. The scheme repre-
sents a total of b information bits and is defined by an
encoding function E : {0,1}* — [£]", which maps the b
information bits to a voltage level for each of the n cells,
we denote (cy,...,cn) = E(v), and by b decoding tuples
(R1,G1,Dy),...,(Rp,Gp, Dp) where for each bit i € [b]

e R; : [n] = P([]) represents the threshold values to
be applied to every cell.

e G; :=(Gi1,...,Gin) consists of n functions that take
as input the threshold operation outputs and output an
element in a finite alphabet X. Formally, for all j € [n]
Gij: {0, 1}RDI — 5 and it gets as input (7, (c;) :
r € Ri(j)).

e D; : X" — F, is the decoding function that gets as
input the outputs of the G; ;’s and outputs a bit.

The encoding map E and the decoding
(R1,G1,Dy1),...,(Rp,Gp,Dp) need to satisfy

tuples
the
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Fig. 1: Encoding and single-bit readout in an n-cell memory
scheme.

following. For every v € {0,1}?, and for every i € [b],
we have that D;(oy,...,0qm) = v;, where for all
j€lnloj=G;ij(t(c;):r€Ri()))

An illustration of an SHC scheme is depicted in Fig. 1. As
discussed in the introduction, the main parameter one wants
to optimize is the number of threshold operations that are
needed in order to read the data. The formal definition of
the average read cost of an SHC scheme is given next.

Definition II.3. Given an SHC(n,{, b) scheme which is
denoted by S, its reading cost of bit i is defined as
RC;(S) £ maxje,) |Ri(j)|. Its average reading cost is
RC(S) = %Z?;] maX;e[n] [R: (j)I.

Given the above definitions, the goal is to design an SHC
scheme with as small as possible average read cost.

Remark IL.1. We point out that the functions G;; in
Definition I1.2 can be limited by the hardware itself. For
example, in [18], the authors considered only the case in
which every G, ; outputs a single bit, regardless of the
number of thresholds that were performed. In this paper,
we will follow this setting as well since it is simpler to
implement and aligns with standard read mechanisms such
as RIO codes, discussed in the introduction.

However, from an information-theoretic perspective, out-
putting a single bit from each cell, regardless of the number
of thresholds applied, discards potentially valuable informa-
tion. A more refined approach would be to output a range,
providing a finer description of the stored voltage level and
potentially reducing the average read cost. We leave this for
future work.

In this paper, we will focus on the following definition
of a XOR-SHC scheme. We will work in the full capacity
regime and also assume that £ = 2k is a power of 2, that is,
we will assume that b =n-log, £ =n- k.

Definition II.4 (XOR-SHC, [18]). Let n and k be
positive integers. An SHC(n,2%,nk) scheme is called
an XOR-SHC(n, k) scheme if in Definition 1.2 we set
X = {0,1} and for all i € [nk],j € [n] we have
Gij (tr(cj) 17 € Ri())) = Zery(j) Tr(c))-

We will write S € XOR-SHC(n, k) when S is an XOR-
SHC scheme with these parameters.

Example IL.1. Consider an S € XOR-SHC(2,2) scheme
defined by the encoding function E : ]1:1“21 — [4]? with

v E(v) 12 E(v)
0000 | (1,1) 1000 | (2,1)
0001 | (4,2) 1001 | (3,2)
0010 | (1,2) 1010 | (2,2)
0011 | (4,1) 1011 | (3,1)
0100 | (4,4) 1100 | (3,4)
0101 | (4,3) 1101 | (3,3)
0110 | (1,3) 1110 | (2,3)
0111 | (1,4) 1111 | (2,4)

For each bit i € {1,2,3,4}, the threshold sets R; are:
Ri(1)={2,4}, Ri(2)=02,
Ry(1) = o, Ry(2) = {3},
R3y(1) = {3}, R3(2)={2},
Ry(1) = {3},  R4(2) = {4}.

and for all i € [4], we define D;(x,y) = x + y. Therefore,
the reading costs are

RCi(8) =2, RCy(S)=1, RC3(S)=1, RC4(S)=1.

Hence, the average reading cost is RC(S) = 5/4.

Definition IL5. We define RC*(n, k) =
mingsexor-sHC(n,k) RC(S), to be the minimum average
reading cost achievable by any scheme in XOR-SHC(n, k).

For two-cell schemes with small parameters, an ex-
haustive search in [18] established that RC*(2,2) =
%, RC*(2,3) = %, and RC*(2,4) < %. Moreover, for three-
cell schemes, it was shown that RC*(3,2) = 1.

Our main result in the paper is a general construction
for XOR-SHC schemes with two cells, formulated in the
following theorem. However, the method we employ can be
naturally extended to schemes with a larger number of cells.

Theorem II.1. For every integer n > 1 and every integer
k > 3, it holds that

(3/4)2k -1 .
—_— if n is even,
RC*(n, k) < L\

(B/4) + )2 -1

k 9

Moreover, we obtain better upper bounds than Theo-
rem II.1 for the specific cases of RC*(2,5) and RC*(2, 6);

if n is odd.



TABLE I: Comparison of lower bounds, achieved values
(including this work), and Gray-code performance for n = 2.
All values are average reading costs.

k Lower Bound Achieved Value Gray Code

2 — 1.25 (tight) [18] 1.5

3 — 10/6 (tight) [18] 7/3

4 1.875 2.75 [18] 3.75

5 3.1 4.5 (this work) 6.2

6 5.25 7.5 (this work) 10.5
k>3 Zzl 34251 (this work) 2ol

see Table I for the exact numbers and comparison with [18]
(The table includes comparisons with a Gray code-based
scheme, which is introduced in the following section).

III. ELEMENTARY BOUNDS

In this section we will present simple lower and upper
bounds on RC*(m, k). We start by using a Gray code
to construct an XOR-SHC(1, k) which would immediately
imply an upper bound on RC*(1, k).

Claim IIL1. We have that RC*(1,k) < 221,

Proof. Fix a natural number k, and consider a binary Gray
code of length k, that is, a bijection G : [2K] — IF’Z‘, such
that for all j € [2K—1], the Hamming distance between G (/)
and G(j + 1) is exactly 1. We also assume that G(1) = 0,

We now define a XOR-SHC(1, k) scheme as follows. Let
the encoding map E : {0, 1}* — [2¥] be the inverse map of
the Gray code G. The threshold set for the i-th bit is defined
to be

Ri()={je2"11j22.G(-1)+G(j)=e},

namely the set of all indices at which the i-th bit flips as
the Gray code advances from position j — 1 to j. Finally,
we define D : {0,1} — {0, 1} to be the identity function.
We now prove the correctness of this scheme and compute
its reading cost. Let v € {0, l}k be the data we want to store,
and assume we want to recover the i-th bit of v from the
stored voltage value ¢ = E(v). Since E is the inverse of a
Gray code G, we can determine the value v; by counting the
number of times the i-th bit flips in the following sequence
of vectors G(0),G(1),...,G(c). This information is given
by applying the thresholds indicated in R;(i). The claim
about the average reading cost follows by noting that since
G is a bijection, we have Zle IR (i) = 2K - 1. O

Remark II1.1. Observe that the claim concerns the average
read cost. For this purpose, the only property required of
the code is that it be a Gray code, namely, that exactly one
bit changes between any two consecutive codewords. One
may further employ a balanced Gray code, in which each
bit flips approximately the same number of times throughout
the sequence [20]-[22]. This ensures that the read cost of
the most expensive bit is close to the average read cost.

Lemma IIL.1. For all n, k € N, we have RC*(n, k) > %

Proof. Assume that RC*(n, k) < 2;—;1 This implies that
there exists a scheme with Z;’zkl maxjen] [Ri (j)] < 2k—1.In

particular, Zl'.‘zkl |R;(1)| < 2% —1. Recall that any storage cell

can store 2¥ storage values. Thus, there exists r € [2K — 1]
such that for all a € Uje[nrRi(1), we have that 7,(r) =
74(r +1). Namely, all thresholds that can be applied on the
first memory cell will return the same value on the stored
voltages r and r + 1.

Since the encoding map E : {0,1}** — [2K]" is a
bijection, there are two distinct v,u € {0, 1}"" that are
encoded to (r,1,...,1) and (r+ 1,1,...,1), respectively.
On both, the decoding of every bit i € [nk] will return the
same value, contradicting the correctness of the scheme. O

As a corollary of Claim III.1 and Lemma III.1, we have
that for n = 1, RC*(1, k) = (2 = 1) /k.

Observe that if we are given two schemes SHC(n, k) and
SHC(ny, k), they can be concatenated into a single scheme
of type SHC(n| +ny, k). This is formalized in the following
lemma.

Lemma IIL.2. Let k,n;,ny € N, such that ny,ny > 1, then

RC (n1 + na, k) < — 1 "2 RC*(na, k).

RC*(ny, k) +
ny+np ny+ny

Proof. Let S; be an XOR-SHC(n;, k) scheme that attains
the minimal average reading cost RC*(n;, k) for i € [2].
Construct a scheme S € XOR-SHC(n; + ny, k) as follows.
By using n; cells and the scheme S, we can store njk bits
and recover them with an average read cost of RC*(ny, k).
Using the additional ny cells and the scheme S;, we can
store npk bits with an average read cost of RC*(n5, k). Thus,
the average reading cost of S is simply

n na

RC(S) = RC* (n1, k) +

RC*(ny, k).
ny+np ny+ny

The lemma follows from RC*(n; + ny, k) < RC(S). O
Corollary IIL1. For all n € N, we have RC*(n, k) < %

Proof. Let S be the XOR-SHC(1, k) scheme constructed in
Claim III.1. Then, the corollary follows by simply applying
Lemma II1.2. O

As an immediate corollary, we obtain
Corollary 2. %71 < RC"(1.6) < %1

IV. BEyonD THE TR1viAL BounD

The number of possible encoding schemes is a function
of n and k, and thus it is tempting to attempt an exhaustive
search in order to identify an optimal scheme. This was
performed in [18] for small values of n and k. However, very
quickly, the number of possibilities becomes prohibitively
large.

In this section we present an efficient and explicit con-
struction of XOR-SHC schemes with an improved upper
bound over the simple upper bound provided in the previous
section. To this end, we define a different object, called a
complete vector system which consists of vector sequences
that satisfy a property. Then, we will describe how to
construct an XOR-SHC scheme from a complete vector
system. Finally, we will present an efficient construction of
complete vector systems.

We start by introducing some new notations. Uppercase
letters such as A, B, C, in this section will denote sequences



of vectors. Formally, A € (F;’)k denotes a sequence of length
k consisting of length-n binary vectors. For a sequence of
vectors A, we denote by A; its i-th vector and (A;); refers
to the j-th coordinate of the i-th vector in the sequence A.

Definition IV.1 (Complete vector system). Let n,k € N.
A complete vector system with parameters n and k is a
collection of sequences A = (A1, ..., A,) where each A; is
a sequence of 2% binary vectors of length nk, such that the
function F : [2K]" — ]ng, F(xi,...,%p) = 20 (A,
is bijective, and (A;); = 0 for each i € [n]. We write A €
CVS(n, k) to say that A is a complete vector system with
parameters n and k.

Example IV.1. A = (A}, Ay) € CVS(2,3), where

Ay = (000000, 100000, 111000, 011000,
011010, 011110, 000110, 000010),
A, = (000000, 010000, 110100, 100100,
100101, 101101, 001001, 000001).

We now define the cost of a complete vector system.

Definition IV.2. Let A = (Ay,...,A,;) € CVS(n, k). For
each index j € [n] and bit position i € [nk], define

2k

costali, j) = Y ((Ap)e)i = ((A))e-1)i -

=2

Intuitively, the cost counts the number of times the i-th bit
flips in the j-th sequence. The total cost associated with bit
i € [nk] is then defined as TC;(A) = max je[,| costa (i, j),
and the total cost of A is TC(A) = Xic[ni) TCi (A).

The following theorem establishes the connection between
CVSs and XOR-SHC, as well as the correspondence be-
tween their respective cost measures.

Theorem IV.1. Let A = (Ay,...,A,) € CVS(n, k). Then,
there exists an S € XOR-SHC(n, k) such that for every bit
position i € [nk], RC;(S) = TC;(A).

Proof. We define the corresponding XOR-SHC(n, k)
scheme as follows. Let F : [2¥]" — ng denote the
bijective mapping of A (see Definition IV.1) and let E,
the encoding map of S be the inverse of F. Namely,
E(a) = F~'(a) computes the unique values x, . .., X, such
that F(xy,...,x,) = a.

We now describe how to decode the i-th bit in the
constructed XOR-SHC(n, k) and compute its reading cost.
For each cell j € [n], we define R;(j) = {€ € [2¥] | € >
2,((Ap)e)i — ((Aj)e-1)i = 1}

Recall that by the definition of XOR-SHC (Defini-
tion IL.4), the G; ;s xors all the thresholds that were per-
formed on the j-th cell. Finally, D; : {0,1}" — {0, 1}, is
given by D;(oy,...,0,) = XL, 05

We now verify that the decoding works. Let v € {0, 1
and let i € [nk]. By our construction, the stored values
Cl,...,Cy satisfy that Z;?:] (Aj)cj = and in particular,

}nk

n

D U(A)e,); = vi - (1)

=1

Now, observe that to determine ((A j)cj)l., it is enough to
count the number of times the i-th bit flips in the sequence
(Aj)1,(Aj)2...,(Aj)c,. This is done by applying all the
thresholds in R;(j). Indeed, by definition, R;(j) contains all
¢ € [2%], such that € > 2 for which the i-th bit (Aj)¢ and
(Aj)¢-1 differ, and thus, performing threshold operations of
these thresholds on the stored value ¢, exactly counts the
number of times the i-th bit flipped. Thus, by performing
these threshold operations on all cells, we recover v; from
(1).

The claim about the reading cost follows by noting
that for all i € [nk] and j € [n], we have RC;(S) =
max je(n] |Ri(j)| = max;en) costa(i, j) = RC;(A). o

Example IV.2. For the following sequences,

Ay = (0000, 1000, 1011,0011),
Az = (0000, 0010,0110,0111),

the construction described above yields the

XOR-SHC presented in Example II.1.

exactly

We saw in Lemma IIL.2 that multiple SHCs can be
concatenated into a single SHC. We now prove an analogous
statement for complete vector systems.

Lemma IV.1. Let A € CVS(n, k) and B € CVS(m, k).
Then, there exists C = (Cy,...,Cuim) € CVS(n + m, k)
where TC(C) = TC(A) + TC(B).

Proof. Define C = (Cy,...,Cpim) by
_ Aj Oomk’ ] € [n]’
! ()”kij_n, je{n+1,....,n+m},

where @ 0o A = (a0 Aj,ao0 Ay,...,a0As) and Ao a
is defined analogously, where a is concatenated from
the right, and the mapping Fc : [2K]™" — ]F;"er)k
by Fo(xi,...,%nem) = M(Ci)x, According to
Definition IV.1, to show that C € CVS(n + m,k), we
need to prove that Fo is injective. First, observe that

FC(X],...,X,H_m) = Z;lz;n(cj)xj = Z?:](Aj)xj Oomk +
S 0 0 By = (Zhi(A)) o (S (B)x) =
Fa(xi,...,xp) o Fg(Xp41s.-.rXn+m) , Where Fg, Fg are

the bijective maps given by A and B, respectively. It
follows that F¢ is also a bijection. We now compute the
cost of C, TC(C) = ZE::’")k maxje[n+m] coste (i, j) =
Z:’zkl Max;ien] coste(i,j) + Zl‘iﬁ’; mMaxe[m] costg({zk +
iLwn + J) = 2 max e, costa (i, j)  +
Z:’;’{ maxe[m cqstz;(i,j) = TC(A) + TC(B) ; Wher.e
the second equality follows since for every vector in C;, if
j € [n], then all of its last mk are zero and if j > n, all of
its first nk are zero. m]

Corollary IV.1. Let A € CVS(n, k) and let « € N. Then,
there exists B € CVS(an, k) with total cost TC(B) = « -
TC(A). In particular, since the Gray code yields a (1, k)-
Complete Vector System with reading cost 2 — 1, we obtain
an (n, k)-Complete Vector System with reading cost n(2~ —

1.



So far, we have established the connection between CVS
and XOR-SHC and presented a general construction of CVS.
However, the resulting read cost remains high. The following
theorem introduces a construction technique that reduces the
read cost, thereby yielding an improved upper bound.

Theorem IV.2. Let A € CVS(n, k) and B € CVS(n, k3).
Then, there exists C € CVS(n, k| + k) where TC(C) =
2k . TC(A) + TC(B).

Proof. Denote A = (Ay,...,A,) and B = (By,...,By).
We define C = (Cy,...,C,) as follows. For £ € [2k1+k2],

write it uniquely as ¢ = (¢ — 1) - 2% +r where g € [2%2],r €
[2¥1]. Then, for all j € [n]

(Cpe2 ((A))r+(g=1)-(Aj)) 0 (Bj)q’

where (¢ —1) - (Aj),x, means adding (A;),, to itself g —1
times. We now define the map F¢ : [2k1+k]" ]Fék'JrkZ)"

by .
) = ) (s
Jj=1

Since the domain and codomain have the same finite cardi-
nality, it suffices to prove that F¢ is onto to show that F¢
is bijective. Let v € F(k1+k2)" and denote v = v’ o v"" where
VS ]Fk‘" and v” € ]szn.

Fo(xy,...

Now, let (ql,...,qn) € [2F]" be such that
Fg(q1,...,qn) =v” and define
Ug,..oqn = Z (Aj)2k1 .
j€[n].qj is odd
Let (r1,...,rn) € [2K]" be such that Fa(ri,...,rn) =
v/ + u. Finally, for all ¢ ¢ [n], let x; =
(qj — ]) . 2k1 + rj. Then, FC(X) = Z?:I(Cj)xj =

Z?:l(cj)(qj—l)vzkwrj = ;l:] ((Aj)rj +(g;=1)- (Aj)zkl)o
(By)y, = (Fa(r) + (a5 = 1) - (A7) ) © Fu(g) - Now,

observe that 3.7, (q;=1)-(Aj)ox1 = Xje[nl.q; is oad (Aj)oks =

Ug,...q, - Indeed, if g; is odd then (g; — 1) - (Aj)y, =0
and otherwise, (qj 1) - (Aj)oky = (Aj)sx, . Thus, Fe(x) =
(v +ug,, . q,)ov"” =v . We conclude that F¢ is bijective.

We are left to show the claim about the total cost. First
assume that i € [nk]. In this case, for every j € [n], and
for every ¢ € [2K1%%2] where we write £ = (g — 1)2K +r
such that g € [2¥2] and r € [2%1] are unique, we have

(Ar)i
(Ay + Ay )i

((Cje)i = { ¢ 1s odd

q is even

Thus, coste(ivj) = 75 (Co)i = (Ce-)i = 2%
SiH (Ao = ((Aj)e-1)i =25 - costa(i, ) -

Now assume that i > nkq, and define i’ = i—nk; € [nk;].
In this case, for every j € [n] and every £ € [2%1*K2], letting
g = [£/257, we have((C))o); = ((Bj)g) -

Thus, as £ ranges from 1 to 2X1+%2 the value of ((Cje)i
remains constant within each block of size 2%, and may
change only when ¢ increments by one, that is, when ¢ is
a multiple of 2K1. Moreover, such a change occurs if and

only if ((Bj)g-1)ir # ((Bj)g)ir . Therefore, in this case,
coste (i, j) = costg(i’, j), and the theorem follows.
O

Example IV.3.

Ay = (0000, 0010, 0110, 0111)
Ay = (0000, 1000, 1011, 0011)

Bi = (00, 10)
B> = (00, 01).

The sequences Cy and C, constructed by the rule above are,

C; = (000000, 001000, 011000, 011100,
001110, 000110, 010110, 010010),

C, = (000000, 100000, 101100, 001100,
000001, 100001, 101101, 001101).

We now prove Theorem II.1.

Proof of Theorem II.1. According to Example IV.1, there
exists A € CVS(3,2) with TC(A) = 10 and by Corol-
lary IV.1, there exists 8 € CVS(2, 1) with TC(8B) = 2. Ap-
plying Theorem IV.2 with A and B, we get C € CVS(2,4)
with TC(C) = 2' - 10 + 2 = 22. Generalizing, we can apply
recursively Theorem IV.2 and get the recurrence relation
ag+1 = 2-ax+2 with a3 = 10 which implies that a; = %2]‘—2.
Now, applying Theorem IV.1, we get an XOR-SHC(2, k)
with reading cost of (%2" — 2)/(2k) which implies that

32k-1

for all k > 3,RC*(2,k) < 45— . Now, we shall use

Lemma III.2 to RC* (n k) If n is even, then we simply

obtain RC*(n, k) < 12 L (we apply Lemma II1.2 n/2
times with XOR-SHC(Z k)). If n = 2m + 1 is odd, then
by applying Lemma II.2 m times with XOR-SHC(2, k)
and one time with XOR-SHC(1, k), we get RC*(n, k) <

2m — (Zm 72 Ly u) and the theorem immediately fol-

lows. ]
Claim IV.1. RC*(2,5) < 4.5 and RC*(2,6) < 7.5.

Proof. Let A € CVS(2,3) given in Example IV.1 and
B € CVS(2,2) given in Example IV.3. Applying Theo-
rem IV.2 with A and B gives a C € CVS(2,5) with
TC(C) =22-TC(A)+TC(B) = 4-10+5 = 45. Consequently,
by Theorem IV.1, we get an XOR-SHC(2,5) with average
reading cost of 4.5.

Now, by applying Theorem IV.2 with A and A (i.e., we
set B = A), we get C € CVS(2,6) with TC(C) =
By Theorem IV.1, we get an XOR-SHC(2, 6) with average
reading cost of 90/12 = 7.5. O
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