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Abstract

In this work, we study the performance of Reed-Solomon codes against an ad-
versary who first permutes the codeword symbols and then performs insertions and
deletions. This adversarial model is motivated by recent interest in fully anony-
mous secret-sharing schemes [EBG+24, BGI+24]. A fully anonymous secret-sharing
scheme has two key properties: first, the identities of the participants are not re-
vealed before the secret is reconstructed; second, the shares of any unauthorized
set of participants are uniform and independent. In particular, the shares of any
unauthorized subset reveal no information about the identity of the participants
who hold them.

We begin by observing that Reed–Solomon codes, when robust against an adver-
sary who permutes the codeword and then deletes symbols, can be used to construct
fully anonymous gap-threshold secret-sharing schemes. We then show that there ex-
ist [n, k] Reed–Solomon codes (over sufficiently large fields) that are robust against
an adversary that arbitrarily permutes the codeword and then performs n− 2k+1
insertions and deletions to the permuted codeword. This implies the existence of
a (k − 1, 2k − 1, n) gap-threshold secret-sharing scheme that is fully anonymous.
That is, any k − 1 shares reveal nothing about the secret, and no information on
the participants’ identities. Conversely, any 2k− 1 suffice to reconstruct the secret
without revealing their identities. We also provide explicit constructions of such
schemes based on previous work on Reed–Solomon codes capable of correcting in-
sertions and deletions. The constructions presented here are the first gap-threshold
secret-sharing schemes to simultaneously achieve the strongest form of anonymity
and perfect reconstruction.
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1 Introduction

Reed–Solomon (RS) codes are a crucial family of error-correcting codes that play a signif-
icant role in ensuring data integrity across various communication and storage systems.
Developed in the 1960s [RS60], these codes are particularly effective in correcting multiple
symbol errors, making them ideal for data transmission and storage. Specific applica-
tions include distributed storage systems, QR codes, and data transmission over noisy
channels. The ubiquity of these codes is due to their beautiful algebraic structure, which
allows us to efficiently encode and decode in the presence of substitutions and erasures.

Substitutions and erasures have been well studied in the literature, and numerous
ingenious constructions (including RS codes) have been developed which are optimal or
near-optimal. A less studied model is that of insertions and deletions. An insertion error
adds a symbol between two adjacent symbols (or at the beginning/end of the word),
whereas a deletion error removes a symbol from the transmitted word.

Recently, due to growing theoretical interest and practical implications in DNA-based
storage, constructing error-correcting codes that can recover from insertions and deletions
(insdel errors, for short) has received a lot of attention. The interested reader is referred
to the surveys by Mitzenmacher [Mit09] and Cheragchi and Ribeiro [CR20] about coding
for channels that introduce random deletions and insertions. The state-of-the-art codes
against adversarial insdel errors, as well as other recent results, can be found in the survey
[HS21a] by Haeupler and Shahrasbi. For a detailed description of how insdel-correcting
codes apply to DNA-based storage, see the survey by Sabary et al. [SKSY24].

Due to the high interest in codes that correct for insertions and deletions and the
fact that RS codes are a well-known and widely distributed family of codes, the question
of the performance of RS codes against insdel errors was studied in a line of works
[SNW02, TSN07, CST23, CST24, Liu24, CGLZ24]. It is known that RS codes over large
enough fields achieve the so-called half-Singleton bound [CST23]. Namely, they have
the optimal rate-error correction trade-off that a linear code can achieve. 1 However,
many questions regarding the performance of RS codes and, in general, linear codes
capable of correcting insertions and deletions, are still open; see [CGLZ24, Section 1.4]
and [CGHL23, Section 10].

This paper concerns the Shamir secret-sharing scheme, one of the most notable appli-
cations of RS codes in cryptography. We make a novel connection between the anonymity
of Shamir’s secret-sharing and RS codes that are robust against an adversary that first
permutes the codeword and then deletes symbols from the permuted codeword. Before
describing in further detail the connection, we recall the notion of secret-sharing.

Secret-sharing, in general, is a cryptographic method that divides a secret (such as a
cryptographic key or sensitive information) into multiple parts, known as shares, which
are distributed among a group of participants. The key feature of secret-sharing is that
only specific subsets of participants, defined by an access structure, can reconstruct the
original secret from their shares.2 One of the most well-known secret-sharing schemes in

1We emphasize here that nonlinear codes are known to be better than linear codes when it comes
to insertions and deletions. While any linear code that can correct δ-fraction of insdel errors must have
rate at most 1−δ

2 + o(1), nonlinear codes can approach the singleton bound. One such example is the
codes in [HS21b] that achieve rate close to 1− δ.

2In this paper we shall focus only on the specific case of threshold access structures. That is, every
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the literature is that of Shamir’s [Sha79]. The formal definition of Shamir’s secret-sharing
(SSS) is as follows. Given a secret s ∈ F to be distributed, a reconstruction threshold
k > 0 and n parties (identified as n distinct elements αi ∈ F), a dealer randomly selects
a polynomial f ∈ F[x] of degree less than k such that f(0) = s, and sends to party i
the share f(αi). It is easy to see that given k pairs (αi, f(αi)), one can reconstruct the
polynomial f(x) (using interpolation) and therefore recover the secret f(0). Moreover,
any k − 1 such pairs reveal nothing about the secret.

In [EBG+24, BGI+24], the authors explored a stronger version of secret-sharing, where
shares conceal information about the identities of the participants who hold them, and
the secret is reconstructed without requiring the algorithm to know the identities of
the share holders. Several notions of anonymity are discussed in [BGI+24], with the
strongest one ensuring that any unauthorized set of shares is uniform and independent
(such schemes are termed fully anonymous). In [EBG+24], the authors presented a variant
of Shamir’s secret-sharing scheme in which the shares conceal their identity, though not
to the extent of being fully anonymous. One of the main limitations, aside from the lack
of full anonymity, is that the reconstruction algorithm may fail (albeit with negligible
probability, assuming sufficiently large share sizes).

In this work, we study the performance of RS codes against an adversary that per-
mutes the codeword (arbitrary permutation) and then performs t insdel errors. Our
main motivation for this model is to construct a fully anonymous Shamir secret-sharing
scheme with perfect reconstruction. More specifically, we show the existence of n dis-
tinct points αi, i ∈ [n] over a large enough field such that for any polynomial, f , of
degree < k, the following holds. For any set of 2k − 1 elements I ⊂ [n], given the tuple
(f(αI1), . . . , f(αI2k−1

)), one can reconstruct the polynomial f and learn the secret f(0).
We emphasize here that the elements of the set I = {I1, I2, . . . , I2k−1} appear in an ar-
bitrary order, and thus in the reconstruction process, no information about the identity
of the players is revealed. We note that given any set I ⊂ [n] of size k − 1, the tuple
(f(αI1), . . . , f(αIk−1

)) reveals nothing about the secret. Moreover, since these are k − 1
evaluations of a random polynomial f of degree ≤ k−1, this tuple is uniformly distributed
over Fk−1

q , giving the desired anonymity property.
The scheme presented in this paper is the first gap-threshold scheme that satisfies the

strongest notion of anonymity, namely, (1) the shares of unauthorized sets are perfectly
uniform and independent, and (2) reconstruction is perfect and does not require the
identities of the reconstructing parties.

We note that in [BGI+24], the authors explicitly asked if there are threshold (and
also general access structure) secret-sharing schemes that are fully anonymous and have
perfect reconstruction. Our results provide an affirmative answer for the gap-threshold
case, while the exact threshold case remains open.

1.1 Setup and Preliminaries

For an integer k, we denote [k] = {1, 2, . . . , k}. Throughout this paper, log(x) refers to
the base-2 logarithm. For a prime power q, let Fq denote the field of size q.

A linear code over a field F is a linear subspace C ⊆ Fn. The rate of a linear code C
of block length n is R = dim(C)/n. Every linear code of dimension k can be described

set of participants of size at least r (for some predetermined r) can reconstruct the secret).
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as the image of a linear map, which, by abuse of notation, we also denote with C, i.e.,
C : Fk → Fn. When C ⊆ Fn

q has dimension k we say that it is an [n, k]q code (or an [n, k]
code defined over Fq). The minimal distance of a code C with respect to a metric d(·, ·)
is defined as minv,u∈C,u̸=v d(v,u). We denote by Fq[X1, . . . , Xn] the ring of polynomials
in X1, . . . , Xn over Fq and by Fq(X1, . . . , Xn) the field of fractions of that ring. We write
F<k
q [X] to refer to all univariate polynomials of degree at most k − 1 and coefficients in

Fq.

Definition 1.1. We call a sequence I ∈ [n]ℓ a distinct-element sequence if all of its
elements are pairwise distinct; that is, Ii ̸= Ij for all i ̸= j ∈ [ℓ].

We use capital letters (e.g., I, J) to denote sequences or sets; the intended meaning
will be clear from context.

Definition 1.2. We say that two distinct-element sequences are equal as sets if they
contain the same elements.

Example 1.3. The following two distinct-element sequences I = (1, 2, 4) and J = (4, 1, 2)
are equal as sets.

Observe that, from a set I, we can construct |I|! distinct-element sequences that are
pairwise equal as sets. We next define Reed–Solomon codes (RS codes).

Definition 1.4 (Reed–Solomon code). Let α1, α2, . . . , αn be distinct elements in the finite
field Fq of order q. For k < n, the [n, k]q Reed–Solomon (RS) code of dimension k and
block length n associated with the evaluation vector (α1, . . . , αn) ∈ Fn

q is defined as the set
of codewords

RSn,k(α1, . . . , αn) := {(f(α1), . . . , f(αn)) | f ∈ Fq[x], deg f < k} .

That is, a codeword of an [n, k]q RS code is the evaluation vector of a polynomial
of degree less than k at n predetermined, distinct points. It is well known (and easy to
verify) that the rate of an [n, k]q RS code is k/n, and the minimal distance, with respect
to the Hamming metric, is n− k + 1.

Throughout, we use the shorthand notations X and α to refer to (X1, . . . , Xn) and
(α1, . . . , αn), respectively.

Correcting Insertions, Deletions, and Permutations Let s be a string over the
alphabet Σ. The operation of removing a symbol from s is called a deletion, and the
operation of inserting a new symbol from Σ either between two consecutive symbols in
s, at the beginning, or at the end of s is called an insertion.

We recall the notions of a subsequence and a longest common subsequence.

Definition 1.5. A subsequence of a string s is a string obtained by removing some
(possibly none) of the symbols in s.

Definition 1.6. Let s and s′ be strings over an alphabet Σ. A longest common subse-
quence between s and s′, is a subsequence of both s and s′ of maximal length. We denote
the length of a longest common subsequence by LCS(s, s′).

The edit distance between s and s′, denoted by ED(s, s′), is the minimal number of
insertions and deletions needed to turn s into s′.
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A well-known fact (see, e.g., [CR03, Lemma 12.1]) states that ED(s, s′) = |s|+ |s′| −
2LCS(s, s′), and this implies that the insdel correction capability of a code is determined
by the LCS of its codewords. Specifically,

Lemma 1.7. A code C can correct δn insdel errors if and only if LCS(c, c′) ≤ n− δn−1
for any distinct c, c′ ∈ C.

In this paper, we study the performance of RS codes against an adversary that first
applies an arbitrary permutation to a codeword and then performs insdel errors. Formally,

Definition 1.8. The t-permutation-insdel adversary is defined as an adversary that,
given a codeword c ∈ C ⊆ Σn, chooses an arbitrary permutation on n elements π, and
then

1. Applies π on c, i.e., π(c) := (cπ(1), . . . , cπ(n)).

2. Performs t insdel errors to π(c) and outputs the result.

Definition 1.9. A code is said to be robust against the t-permutation-insdel adversary
if the adversary cannot produce the same output on two distinct codewords.

Remark 1.10. Kovačevi’c and Tan [KT18] comprehensively studied codes capable of cor-
recting permutations, insertions, deletions, and substitutions. They provide constructions
and bounds on the coding parameters, focusing on regimes in which q, the field size, is
either constant or linear in n. The adversarial model considered in this work clearly falls
within their framework. The metric they define for this model is that of distance between
“histograms.” More specifically, since any permutation can be applied to a codeword, the
order of its symbols does not matter. Thus, a codeword is viewed as a histogram of its
values over Fq and then, the L1 distance between histograms of two codewords is the mini-
mal number of insertions and deletions needed to transform one codeword into a permuted
version of the other.

For convenience and to be consistent with the previous works that studied RS codes
against insdel errors, we shall work with the permutation-insdel adversary. This allows
us to formulate algebraic conditions similar to those in [CST23, CGLZ24]. However,
arguably the more “natural” way to describe such codes is using the notations and general
framework presented in [KT18].

We begin with the following equivalent characterization of a code that is robust against
the t-permutation-insdel adversary.

Claim 1.11. A code C is robust against the t-permutation-insdel adversary if and only
if, for all distinct c, c′ ∈ C and any two distinct-element sequences I, J ∈ [n]n−t, we have
cI ̸= c′J .

Proof. (⇒). Suppose that there exist two distinct codewords c, c′ ∈ C and distinct-
element sequences I, J ∈ [n]n−t such that

cI = (cI1 , . . . , cIn−t) = (c′J1 , . . . , c
′
Jn−t

) = c′J .
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Let π : [n] → [n] be a permutation such that π(i) = Ii for all i ∈ [n − t]. Similarly, let
π′ : [n] → [n] be a permutation such that π′(i) = Ji, for all i ∈ [n− t]. Thus, if we apply
π to c, π′ to c′, and delete the last t elements of each, we achieve the same output, in
contradiction.
(⇐). Assume that the code is not robust against the t-permutation-insdel adversary.
Then, there exist two distinct codewords c and c′ and two permutations π and π′ such
that ED(π(c), π′(c′)) ≤ 2t. Thus, π(c) and π′(c) share an LCS of length at least n − t.
Let I, J ⊂ [n] be the two distinct-element sequences of length n − t that represent the
positions of the LCS in π(c) and π′(c′), respectively. That is, (π(c))I = (π′(c′))J where
I1 < · · · < In−t and J1 < · · · < Jn−t. This implies that we can reorder the elements in
I and J to obtain distinct-element sequences I ′ and J ′ (I = I ′ and J = J ′ as sets) such
that cI′ = c′J ′ , in contradiction.

Anonymous Shamir’s secret-sharing We begin with a brief reminder of threshold
secret-sharing schemes. We refer the interested reader to Beimel’s comprehensive survey
[Bei11]. The following notations and definitions are inspired by [KKFT08].

Let P = {Pi | 1 ≤ i ≤ n} be a set of n participants. Let D /∈ P be a dealer
who selects a secret s ∈ Fq and distributes a share wi ∈ Wi to every participant, where
Wi denotes the set of possible shares that Pi can have. Also, assume that u = |Wi|
for all i ∈ [n]. The access structure, typically denoted as Γ ⊂ 2P , is the set of all
authorized sets, i.e., sets that can recover the secret. Any set that is not in Γ is called
an unauthorized set. A secret-sharing scheme is called an (r, n) threshold secret-sharing
scheme if Γ = {A ⊂ P||A| ≥ r}. That is, every set of at least r participants can recover
the secret. Further, we want that for each A /∈ Γ, the respective parties cannot learn
anything about the secret. We denote by Share a randomized algorithm that gets a secret
s and produces a vector sh ∈ W1 × . . .×Wn and we denote by Recon the reconstruction
algorithm of the scheme.

More formally, let S and Wi be the random variables induced by s (the secret) and
wi (the i-th share), respectively; we want

H(S|VA) =

{
0, |A| ≥ r

H(S), |A| < r
, (1)

where H(·) denotes the entropy of a random variable and VA = {Wi | i ∈ A}. 3 In
words, (1) implies that any set of r parties or more can reconstruct the secret (there is
no entropy in H(S|VA)) but any set of less than r parties cannot reveal any information
about the secret. Note that the standard Shamir secret-sharing scheme achieves (1).
Indeed, in Shamir’s secret-sharing scheme, the dealer who wants to distribute a secret
s ∈ Fq chooses a random polynomial f of degree < r such that f(0) = s. Then, the
party Pi gets the share (αi, f(αi)) where α1, . . . , αn are distinct, predetermined nonzero
elements of a finite field Fq. By Lagrange interpolation, any r such pairs (αi, f(αi)), one
can reconstruct f and thus know f(0). However, for r − 1 pairs, the probability that a
specific value s was the secret is 1/q (assuming that s was a uniformly random secret
from Fq), thus an adversary who sees r − 1 pairs learns nothing about the secret.

3In this paper (as in Shamir’s secret-sharing scheme), the secret s is chosen uniformly at random from
Fq and then H(S) = log2 q.
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The scheme we construct in this paper is a ramp threshold secret-sharing scheme (also
called a gap-threshold scheme). That is, there is a gap between the number of parties
that learn nothing about the secret and the number of parties that can reconstruct the
secret.

Definition 1.12. Let t < r < n be integers. Given the above definitions, a (t, r, n) ramp
threshold secret-sharing scheme is a secret-sharing scheme such that

1. For any A ⊂ P where |A| ≥ r, it holds that H(S|VA) = 0.

2. For any A ⊂ P where |A| ≤ t, it holds that H(S|VA) = H(S).

In the standard Shamir secret-sharing scheme, r = t− 1. We note that when A ⊂ P
is of size larger than t but smaller than r, then we have no restriction on H(S | VA),
namely, it can be any value between 0 and H(S) (including both ends).

We now define the anonymity of a ramp threshold secret-sharing scheme. Our def-
inition adopts the strongest notion of anonymity from [BGI+24] in which any set of
unauthorized shares is uniformly distributed over the domain of all possible shares. Note
that we assume all shares come from the same domain; otherwise, a share can reveal in-
formation about the party who holds it (in particular, the standard Shamir secret-sharing
scheme is not anonymous, as each share contains αi which is uniquely associated with
Pi). We denote the common share domain by Ω the domain of the shares, and we assume
that the secret is a random element in Fq.

Definition 1.13. Given the definition above, a fully anonymous (t, r, n) ramp secret-
sharing scheme is a secret-sharing scheme such that the following two conditions are
satisfied:

1. (Share anonymity) for every secret s ∈ Fq, every integer ℓ ≤ t, every distinct-
element sequences I ∈ [n]ℓ, and every v ∈ Ωℓ, we have

Pr
sh←Share(s)

[shI = v] = |Ω|−ℓ .

2. (Perfect anonymous reconstruction) There exists a function Recon (possibly non-
efficient) such that for every secret s ∈ Fq, every distinct-element sequence A of size
r, and every sh that can be generated by Share(s), it holds that Recon(shA) = s.
We emphasize that Recon always succeeds and does not require the identities of the
participants who hold the shares. 4

Remark 1.14. We note that Definition 1.13 ensures the strongest form of share anonymity.
Specifically, an adversary who has access to unauthorized sets of shares sees uniformly
random vectors, and thus gains no information about the identity of the participants hold-
ing these shares (even if he sees multiple unauthorized sets of shares possibly corresponding
to different secrets).

4We require information-theoretic reconstruction. In [EBG+24], the authors provide an efficient
algorithm that is anonymous. In this work, the reconstruction algorithm is a brute-force one and we
leave as an intriguing open question to develop an efficient reconstruction algorithm.
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Remark 1.15. It is often assumed that the identities of participants in Shamir’s secret-
sharing schemes are not a part of the shares. This implies, of course, that the shares of
an unauthorized set do satisfy condition 1 in Definition 1.13. However, in this case, the
standard interpolation-based reconstruction algorithm requires each participant to provide
not only f(αi) but also αi. This violates condition 2 in Definition 1.13 the reconstruction
function Recon must operate solely on the shares, without any auxiliary information about
the participants.

1.2 Previous work

Reed–Solomon codes against insdel errors. We begin by citing the (non-asymptotic
version of the) rate–error-correction tradeoff for linear codes correcting insdel errors.

Theorem 1.16 (Half-Singleton bound). [CGHL23, Corollary 5.2] An [n, k]q linear code
can correct at most n− 2k + 1 insdel errors.

The performance of RS codes against insdel errors was first considered in [SNW02], in
the context of traitor tracing. In [WMSN04], the authors constructed a [5, 2]q generalized
RS code that corrects a single insdel error. In [TSN07], an [n, k] generalized RS code was
constructed that is capable of correcting logk+1 n− 1 insdel errors. Several constructions
of two-dimensional RS codes correcting n−3 insdel errors (the maximal number of insdel
errors an [n, 2]q code can correct) are given in [DLTX21, LT21, CST23, CST24], where
the best known field size, O(n3), is achieved in [CST24]. Moreover, it has been shown
that such codes must have q = Ω(n3) [CST23], and thus we have a clear picture for
optimal two-dimensional RS codes correcting insdel errors.

For k > 2, much less is known. It was shown in [CST23] that over large enough fields,
there exist RS codes that exactly achieve the half-Singleton bound. Specifically,

Theorem 1.17 ([CST23, Theorem 16]). Let n and k be positive integers such that 2k −
1 ≤ n. For q = O

((
n

2k−1

)2 · k2 + n2
)
, there exists an [n, k]q RS code that can decode from

n− 2k + 1 insdel errors.

Later, [CGLZ24] showed that there exist RS codes over linear-sized alphabets that
almost attain the half-Singleton bound. More specifically, for q ≥ n + 2poly(1/ϵ)k, with
high probability, a random [n, k]q RS code corrects at least (1− ϵ)n−2k+1 insdel errors.

Both results establish the existence of RS codes capable of correcting insdel er-
rors. Explicit constructions for general k achieving the half-Singleton bound are given
in [CST23, Liu24] over much larger (≈ nkk) fields. An interesting open question is whether
one can provide explicit constructions (with identified evaluation points) of RS codes over
these fields that achieve (or get close to) the half-Singleton bound.

Anonymous secret-sharing The notion of anonymous secret-sharing studied in sev-
eral prior works [SV88, PP92, BS97, KOKO02] focuses solely on anonymous reconstruc-
tion. That is, to reconstruct the secret, the algorithm requires only the shares, not the
identities of the participants.

In a recent work, Eldridge et al. [EBG+24] also considered achieving anonymity, which
they term as “unlinkability”, in the following sense. Given multiple unauthorized sets
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of shares – corresponding to several shared secrets – an adversary cannot “link” any of
the shares to one another. In particular, the adversary cannot determine whether two
shares from different unauthorized sets belong to the same participant. They motivated
this definition by showing how such secret-sharing schemes can be used to construct
protocols to defend against attackers who use location-tracking devices such as AirTags
to stalk a victim. Their protocols balance between the privacy requirements of such
devices (ensuring that only the owner can access the location of their belongings) and
the need to protect individuals from such tracking attacks (detecting whether a device
has been secretly attached to a person). For further discussion of applications, we refer
the reader to the excellent introduction in [EBG+24].

To motivate our work, we briefly describe [EBG+24, Construction 1]. In [EBG+24],
each time a dealer shares a secret, they choose randomly γ1, . . . , γn and sets the i-th share
to be (γi, f(γi)). This construction satisfies the unlinkability property that [EBG+24]
aimed for. However, this scheme has two disadvantages.

First, it does not satisfy condition 1 in Definition 1.13. For example, consider the
case of reconstruction threshold 3, where in this case Ω = Fq × Fq. Consider v =
{(γ, δ), (γ, δ′)}, where δ ̸= δ′. Clearly, the probability of generating two such shares for a
given secret is 0.

Second, this scheme does not give perfect reconstruction. Note that two shares may
receive the same γ, which occurs with probability 1/q. Since the reconstruction algo-
rithm is simply polynomial interpolation that requires distinct pairs, to make the failure
probability negligible, q must be super-polynomial in n, which implies that the share size
is ω(log(n)) bits rather than Θ(log(n)). In particular, regardless of the field size, their
reconstruction is not a perfect reconstruction, as there is always a positive probability of
failure.

The study of anonymous secret-sharing for general access structures, where anonymity
is also considered for unauthorized sets (and not only when reconstructing), was first stud-
ied in [GMO03, PCO20]. Then, in [BGI+24], the authors systematically studied several
notions of anonymous secret-sharing schemes for general access structures (extending
and generalizing the works [PCO20, EBG+24]) in the information-theoretic and compu-
tational regimes. They provide explicit constructions as well as exponential lower bounds
on the share size.

In general, the anonymous secret-sharing schemes constructed in [EBG+24, BGI+24]
are not fully anonymous—i.e., they do not satisfy Definition 1.13. They satisfy one of
the following relaxations:

1. Allowing imperfect uniformity of the shares (e.g., shares of an unauthorized set are
only statistically close to uniform) or imperfect reconstruction (namely, reconstruc-
tion fails with small probability).

2. Replacing the uniformity requirement of the scheme (condition 1 in Definition 1.13)
with a weaker requirement on the shares. We refer the reader to the definitions of
Single-dealer Share Anonymity (S-anonymity) and Multi-dealer Share Anonymity
(M-anonymity) in [BGI+24].

Our goal in this paper is to overcome these two relaxations and construct a scheme
in which the shares of unauthorized sets are perfectly uniform and independent (U-
anonymity in [BGI+24]), and also the scheme achieves perfect anonymous reconstruction.
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1.3 Our results

We prove the existence of an RS code over a sufficiently large field that is robust against
the permutation-insdel adversary. Specifically,

Theorem 1.18. Let k and n be integers such that 2k − 1 ≤ n. Let q be a prime such

that q ≥ 200 ·
((

n
2k−1

)
· (2k)!

)2
. Then, there exists an RSn,k(α1, . . . , αn) code that is robust

against the (n− 2k + 1)-permutation-insdel adversary.

As a corollary, we obtain the existence of the following fully anonymous ramp secret-
sharing scheme. In the terminology of [BGI+24], this constitutes a perfect U-FASS
scheme.

Corollary 1.19. Let k and n be integers such that 2k − 1 ≤ n. There exists a fully
anonymous (k− 1, 2k− 1, n) ramp secret-sharing scheme where the secret and the shares

are elements of Fq for any prime q such that q ≥ 200 ·
((

n
2k−1

)
· (2k)!

)2
.

Proof. Let α1, . . . , αn be nonzero elements such that RSn,k(α1, . . . , αn) is robust against
the (n − 2k + 1)-permutation-insdel adversary. Consider the following scheme. Let s ∈
Fq be a secret, and let f ∈ Fq[X] be a random polynomial of degree < k such that
f(0) = s. Then the i-th participant gets the share f(αi). We now verify that the
conditions of Definition 1.13 for a fully anonymous ramp scheme are satisfied. We begin
with Condition 2. Since RSn,k(α1, . . . , αn) is robust against the (n−2k+1)-permutation-
insdel adversary, by Claim 1.11, for every distinct-element sequence I ∈ [n]2k−1, the tuple
(f(αI1), . . . , f(αI2k−1

)) suffices to recover f and thus also the secret f(0).
We now show that the share anonymity condition (Condition 1 in Definition 1.13)

holds. Note that the domain of the shares is Fq. Fix v ∈ Fℓ
q for ℓ ≤ k − 1 and distinct-

element sequence I ∈ [n]ℓ. It holds that

Pr
sh←Share(s)

[shI = v] = Pr
f←Fq [x]

deg(f)<k,f(0)=s

[(f(αI1), . . . f(αIℓ)) = v] =
qk−ℓ−1

qk−1
= q−ℓ .

Remark 1.20. We note that the gap between k − 1 and 2k − 1 in Corollary 1.19 is
necessary and cannot be improved. Indeed, the half-Singleton bound [AGFC07, CGHL23]
states that any [n, k] linear code can correct at most n− 2k + 1 deletions (in particular,
any linear code correcting even one insdel error must have rate at most 1/2). Thus, one
cannot reduce the reconstruction threshold of our construction below 2k − 1 as it would
immediately imply that the respective RS code can correct more than n − 2k + 1 insdel
errors.

Explicit schemes. Theorem 1.18 and Corollary 1.19 are both existential results. Namely,
we do not specify the evaluation points for our RS codes or secret-sharing schemes. We
show that the constructions presented in [CST24] and [CST23] for RS codes correct-
ing insdel codes are, in fact, RS codes that are robust against the permutation-insdel
adversary.
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The first scheme is borrowed from [CST24]. With slight modifications in the proof
of [CST24], we show that it is in fact the two-dimensional RS code in [CST24] is robust
against the (n − 3)-permutation-insdel adversary, thereby yielding a fully anonymous
ramp secret-sharing scheme.

Corollary 1.21 (see Theorem 5.1). Let n ≥ 3. There is an explicit fully anonymous
(1, 3, n) ramp secret-sharing scheme where the secret and the shares are elements of Fq

for q = O(n3).

The second scheme uses the evaluation points given in [CST23, Construction 27]. We
prove the following result.

Corollary 1.22 (see Theorem 5.2). Let k and n be integers such that 2k− 1 ≤ n. There
exists a deterministic construction of a fully anonymous (k − 1, 2k − 1, n) ramp secret-
sharing scheme where the secret and the shares are elements of Fq for q = nO(k2((2k)!))2.

We remark here that only for k = O(log n/ log log n), the number of bits required
to represent a share (or the secret) is polynomial in n. For higher values of k, it is
super-polynomial.

Comparison with [EBG+24] We highlight several key differences between the scheme
presented in this paper and that of [EBG+24].

1. Anonymity condition. This paper adopts the strongest notion of anonymity, wherein
the shares of any unauthorized set are uniformly random and independent (condi-
tion 1 in Definition 1.13). Our scheme achieves this property, while, as discussed
above, the scheme of [EBG+24] achieves a weaker notion of anonymity.

2. Perfect vs. non-perfect reconstruction. In [EBG+24], reconstruction may fail with
positive probability, whereas in our scheme, reconstruction always succeeds (infor-
mation theoretically).

3. Threshold vs. ramp scheme. In [EBG+24], the scheme is a threshold scheme. That
is, any set of k participants can recover the secret, while any set of k−1 participants
learns nothing about the secret. In our case, there is a factor-of-two gap between
the number of participants who learn nothing about the secret (k − 1) and those
who can reconstruct it (2k − 1).

4. Size of a share. In [EBG+24], to achieve a negligible reconstruction error, the size
of a share is ω(log(n)), regardless of the reconstruction threshold. In our case, the
size of a share is O(k · log(n)) and so for constant k, our share size is asymptotically
optimal up to constants [BGK20].

5. Explicitness. Our main result, Corollary 1.19, is an existence result, as we do not
specify the evaluation points that define the scheme. However, in Corollary 1.21 we
provide an explicit fully anonymous (1, 3, n) ramp scheme over a field of size O(n3)
and in Corollary 1.22 we provide a deterministic construction of a fully anonymous
(k− 1, 2k− 1, n) ramp scheme over a field of size ≈ nkk . In [EBG+24], the authors
provide a randomized scheme in the sense that the evaluation points are chosen
uniformly at random from the field.

12



6. Reconstruction algorithm. We do not provide an efficient reconstruction algorithm
beyond brute-force search. In [EBG+24], the scheme is both explicit and equipped
with an efficient reconstruction algorithm.

1.4 Summary and future directions

The notion of fully anonymous secret-sharing schemes was recently studied in [EBG+24,
BGI+24]. One open question arising from these works—explicitly stated in [BGI+24]—is
the construction of threshold schemes that are fully anonymous and offer perfect recon-
struction. In this paper, we show how RS codes that are robust against an adversary
that first permutes the codeword and then deletes symbols give rise to a fully anonymous
ramp secret-sharing scheme with perfect reconstruction.

Many open questions stem from the comparison made earlier between our work and
that of [EBG+24]. First, can the gap between the reconstruction and anonymity thresh-
olds be reduced—or even closed—while still ensuring perfect reconstruction? According
to Remark 1.20, the construction presented in this paper is not a candidate for resolv-
ing this question. Second, a clear drawback of our scheme is the absence of an efficient
reconstruction algorithm beyond brute-force search. Providing such an algorithm is a
tantalizing open question. Third, the field size in our existential results implies a share
size of O(k ·log n) bits. This is optimal only when k is constant relative to n, and reducing
the alphabet size of the underlying scheme remains an open challenge.

Another interesting direction is to study, more generally, which codes that are ro-
bust against deletions and permutations—such as those constructed in [KT18]—can be
transformed into fully anonymous secret-sharing schemes.

2 An algebraic condition

This section is devoted to formulating an algebraic condition on the evaluation points that
will ensure that the respective RS code is robust against (n− 2k+1)-permutation-insdel
adversary. We start with recalling the main ideas and notations from [CST23].

2.1 The framework of [CST23]

In this section, we recall the algebraic condition introduced in [CST23].

Definition 2.1 (V -matrix). Let X1, . . . , Xn be formal variables. For positive integers k
and two distinct-element sequences I, J ∈ [n]2k−1, define the (2k − 1)× (2k − 1) matrix

VI,J(X1, X2, . . . , Xn) :=


1 XI1 · · · Xk−1

I1
XJ1 · · · Xk−1

J1

1 XI2 · · · Xk−1
I2

XJ2 · · · Xk−1
J2

...
...

. . .
...

...
. . .

...
1 XI2k−1

· · · Xk−1
I2k−1

XJ2k−1
· · · Xk−1

J2k−1

 , (2)

We say that a distinct-element sequence I is an increasing distinct-element sequence
if I1 < · · · < I|I|. We say that two sequences I, J agree on a coordinate ℓ, if Iℓ = Jℓ. The
following algebraic condition was given in [CST23].
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Proposition 2.2. [CST23, Proposition 14] Consider the code RSn,k(α1, . . . , αn). If, for
every pair of increasing distinct-element sequences I, J ∈ [n]2k−1 that agree on at most
k− 1 coordinates, it holds that det(VI,J(α)) ̸= 0, then the code can correct any n− 2k+1
insdel errors.

Moreover, if the code can correct any n − 2k + 1 insdel errors, then the only vectors
in the right kernel of VI,J(α) are of the form (0, f1, . . . , fk−1,−f1, . . . ,−fk−1).

Recall that X and α refer to (X1, . . . , Xn) and (α1, . . . , αn), respectively. A key
technical lemma concerning the V -matrices, proved in [CST23], is as follows.

Proposition 2.3. [CST23, Proposition 18] Let I, J ∈ [n]2k−1 be two increasing distinct-
element sequences that agree on at most k − 1 coordinates. Then, we have

det (VI,J(X)) ̸= 0

as a multivariate polynomial in Fq[X1, X2, . . . , Xn].

Informally speaking, using this proposition and considering all relevant V -matrices,
the authors of [CST23] applied the Schwarz–Zippel–DeMillo–Lipton lemma [Sch80, Zip79,
DL78] that there exists an assignment α = (α1, . . . , αn) over a sufficiently large field for
which det(VI,J(α)) is nonzero for all pairs of increasing distinct-element sequences I, J
of length 2k − 1 that agree on at most k − 1 coordinates.

2.2 A sufficient and necessary condition

One might ask whether the proof in [CST23] for the existence of [n, k] RS codes that can
correct n− 2k+ 1 insdel also implies the existence of [n, k] RS codes that can correct an
arbitrary permutation followed by n − 2k + 1 insdel errors, i.e., that are robust against
the (n − 2k + 1)-permutation-insdel adversary. As shown in the following remark, the
proof in [CST23] fails when permutations are also considered.

Remark 2.4. We note that Proposition 2.3 is not true if we remove the requirement
that I, J are increasing distinct-element sequences. Indeed, let k = 4, ℓ = 7, and define
I = (1, 2, 3, 4, 5, 6, 7) and J = (2, 1, 4, 3, 5, 6, 7). Note that they agree on the three last
coordinates (thus, they agree on ≤ k − 1 coordinates). In this case, VI,J is

1 X1 X2
1 X3

1 X2 X2
2 X3

2

1 X2 X2
2 X3

2 X1 X2
1 X3

1

1 X3 X2
3 X3

3 X4 X2
4 X3

4

1 X4 X2
4 X3

4 X3 X2
3 X3

3

1 X5 X2
5 X3

5 X5 X2
5 X3

5

1 X6 X2
6 X3

6 X6 X2
6 X3

6

1 X7 X2
7 X3

7 X7 X2
7 X3

7


,

and one can verify by basic column and row operations that the determinant is zero.
Thus, in order to show robustness against the (n− 2k+1)-permutation-insdel adversary,
we also need to study singular VI,J(X) since we have to support pairs of distinct-element
sequences for which VI,J(X) is singular.

14



We will have to make sure that our evaluation points α are such that the right kernel
of VI,J(α) is trivial or contains only elements of the form (0, f1, . . . , fk−1,−f1, . . . ,−fk−1).
Formally, we have the following necessary and sufficient condition.

Proposition 2.5. Let α1, . . . , αn ∈ Fq be distinct points. The following are equivalent:

1. For every two distinct-element sequences I, J ⊂ [n] of size 2k−1 it holds that either
det(VI,J(α)) ̸= 0 or any vector in the kernel of VI,J(α) is of the form

(0, f1, . . . , fk−1,−f1, . . . ,−fk−1) .

2. The code RSn,k(α1, . . . , αn) is robust against the (n − 2k + 1)-permutation-insdel
adversary.

Proof. (1) → (2). We prove the contrapositive, i.e., ¬(2) → ¬(1). Assume that the code
RSn,k(α1, . . . , αn) ⊆ Fn

q is not robust against the (n−2k+1)-permutation-insdel adversary.
Then, by Claim 1.11, there exist two distinct codewords c and c′ that correspond to two
distinct polynomials f =

∑
i fix

i and g =
∑

i gix
i, respectively, where deg(f), deg(g) < k,

and two distinct-element sequences I, J ∈ [n]2k−1 such that

f(αIs) = g(αJs) for s = 1, 2, . . . , 2k − 1 , (3)

Consider the vector

v := (f0 − g0, f1, f2, . . . , fk−1,−g1,−g2, . . . ,−gk−1) ∈ F2k−1
q ,

which is non-zero and not of the form (0, f1, . . . , fk−1,−f1, . . . ,−fk−1) but is inside the
kernel of VI,J(α).

(2) → (1). Again, we prove it in the contrapositive way. Assume there exist two
distinct-element sequences I, J ∈ [n]2k−1 such that the right kernel of VI,J(α) contains

v = (f0, f1, . . . , fk−1,−g1, . . . ,−gk−1) ,

where either f0 ̸= 0 or there exists i ∈ [k − 1] such that fi ̸= gi. In particular, this
implies that the polynomials f =

∑k−1
i=0 fix

i and g =
∑k−1

i=1 gix
i are distinct and that

f(αIs) = g(αJs) for all s ∈ [2k − 1]. Since both f and g are polynomials of degree
< k, the corresponding two codewords c and c′ are such that cI = c′J , which implies by
Claim 1.11 that RSn,k(α1, . . . , αn) is not robust against the (n−2k+1)-permutation-insdel
adversary.

3 Algebraic structure and refined conditions on the

evaluation points

In this section, we state two conditions for the evaluation points of the RS code. Then,
in the next section, we will show that if these two conditions hold, then the resulting RS
code is robust against the (n− 2k+1)-permutation-insdel adversary. We begin by citing
the well-known Schwarz-Zippel-Demillo-Lipton lemma.

Lemma 3.1. [Sch80, Zip79, DL78] Let P (X1, . . . , Xn) ∈ Fq[X1, . . . , Xn] be a nonzero
polynomial of total degree d ≥ 0. Let S ⊆ Fq, then Prα1,...,αn∼Fq [P (α1, . . . , αn)] ≤ d/|S|.
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3.1 First condition

We take a closer look at det(VI,J(X)) and identify the conditions under which it is nonzero.
Then, we show that with high probability, if α1, . . . , αn are chosen uniformly at random
from a sufficiently large field, it holds that det(VI,J(α)) ̸= 0 whenever the conditions on
(I, J) are satisfied.

Note that we always write the elements of a set in increasing order. Thus, a set
can be regarded as an increasing distinct-element sequence (and vice versa). Therefore,
for brevity and to enable the use of standard set operations (such as inclusion and set
difference), we will refer to these sequences simply as sets.

Definition 3.2. Let I ∈ [n]s be a distinct-element sequence and let A ⊆ [s] be a set.
Then, IA denotes the distinct-element sequence (IA1 , IA2 , . . . , IA|A|).

We now define the notion of a minimal equal sub-pair between two distinct-element
sequences.

Definition 3.3. Let (I, J) be a pair of distinct-element sequences of the same size, s.
Let A ⊆ [s] be a non-empty set of indices. We call the pair (IA, JA) a minimal equal
sub-pair if

• IA = JA as sets.

• For all A′ ⊂ A, IA′ ̸= JA′ as sets.

Example 3.4. Let I = (1, 2, 3, 7, 8) and J = (2, 3, 1, 8, 7). Then for A1 = {1, 2, 3} we see
that (IA1 , JA1) is a minimal equal sub-pair. In addition, A2 = {4, 5} induces a minimal
sub-pair since as sets IA2 = JA2 = {7, 8}.

For I = (6, 7, 8, 9, 5) and J = (7, 6, 9, 8, 1), we note that A = {1, 2, 3, 4} is not a
minimal equal sub-pair since A′ = {1, 2} ⊂ A is such that IA′ = JA′.

Definition 3.5. A pair of distinct-element sequences (I, J) of length s, is said to be free
of equalities if for every set A ⊆ [s], IA ̸= JA as sets.

We now have the following simple claim.

Claim 3.6. Let (I, J) be a pair of distinct-element sequences. Let A1, A2 be two sets such
that (IA1 , JA1) and (IA2 , JA2) are minimal equal sub-pairs. Then, A1 ∩ A2 = ∅.

Proof. Assume for contradiction that A1 ∩ A2 = ∅. Since both (IA1 , JA1) and (IA2 , JA2)
are minimal equal sub-pairs, it must be that for A′ = A1 ∩A2 we have IA′ ̸= JA′ as sets;
otherwise, it contradicts the minimality of A1 and A2. Thus, there is a ∈ A′ such that
Ia /∈ JA′ . Moreover, Ia ∈ IA1 = JA1 and Ia ∈ IA2 = JA2 as sets. Therefore, Ia ∈ JA1\A′

and Ia ∈ JA2\A′ . But JA1\A′ and JA2\A′ do not share any common elements. We arrive at
a contradiction.

We next define a full decomposition of (I, J) into minimal equal sub-pairs.

Definition 3.7. Let (I, J) be a pair of distinct-element sequences of size s. We call a
family of sets A1, . . . , At, B ⊆ [s] a decomposition of (I, J) if:
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1. For any two distinct j, j′ ∈ [t], we have that Aj ∩ Aj′ = ∅.

2. (IAj
, JAj

) is a minimal equal sub-pair for every j ∈ [t].

3. B = [s] \
(
⊔j∈[t]Aj

)
is free of equalities.5

As a corollary, we get the following claim.

Claim 3.8. Let (I, J) be a pair of distinct-element sequences of size s. Then, up to
reordering of the sets, there exists a unique decomposition of (I, J).

Proof. The claims about the existence and the uniqueness follow from the same observa-
tion: For each i ∈ [s], there are only two options. Either i belongs to a single Aj for which
(IAj

, JAj
) is a minimal equal sub-pair, or i does not belong to such a set, and thus i ∈ B.

Suppose we have two decompositions A1, . . . , At, B and A′1, . . . , A
′
t′ , B

′ of (I, J). Then,
by Claim 3.6, for each i ∈ [t], j ∈ [t′] we have either Ai ∩ A′j = ∅, or Ai = A′j. Without
loss of generality, assume that t′ ≥ t. If these are distinct decompositions, there exists
j ∈ [t′] such that A′j ∩ Ai = ∅ for all i ∈ [t], which implies that A′j ⊂ B, in contradiction
to B being free from equalities.

We shall need the following trivial claim.

Claim 3.9. Let s ≥ 2 be an integer and I, J ∈ [n]s be two distinct-element sequences that
are free of equalities. Then there exist two distinct indices i ̸= j ∈ [s] such that Ii /∈ J
and Jj /∈ I.

Proof. Clearly, I ̸= J as sets, so there exists i ∈ [s] for which Ii /∈ J . Now, since (I, J)
are free from equalities, I[s]\{i} ̸= J[s]\{i} as sets. Thus, there must exist j ∈ [s] \ {i} such
that Jj /∈ I.

In the following proposition, we show that if I, J are distinct-element sequences with
at most k minimal equal sub-pairs, then the determinant of the corresponding V -matrix
is not zero. Formally,

Proposition 3.10. Let I, J ∈ [n]2k−1 be two distinct-element sequences. Assume that
A1, . . . , At, B ⊆ [2k−1] is a decomposition of (I, J) according to Definition 3.7. If t ≤ k,
then in the expansion of det(VI,J(X)) as a sum over permutations, there is a monomial
that is obtained at exactly one of the (2k − 1)! different permutations. In particular, its
coefficient is ±1, depending on the sign of the corresponding permutation. Consequently,
det(VI,J(X)) ̸= 0.

Proof. We prove the proposition by induction on k. For k = 1, we have VI,J(X) = 1, and
the result follows immediately. For the induction step, assume it holds for k − 1, and we
prove it for k ≥ 2. Consider two coordinates i, j, determined according to the following
three cases.

1. t > 0 and there exists s ∈ [t] such that |As| ≥ 2. In this case, pick i, j ∈ As to be
such that i ̸= j and Ii = Jj.

5⊔ refers to disjoint union
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2. t > 0 and for all s ∈ [t], |As| = 1. In this case, let i to be an element of one of the
sets As. Now, let j be such that j ∈ B and Jj /∈ I. Clearly there exists such since
(IB, JB) is free from equalities.

3. t = 0. In this (I, J) is free from equalities, so choose i ̸= j according to Claim 3.9.

We shall analyze case 1 first. In the determinant expansion of VI,J as a sum of (2k − 1)!
monomials, collect all the monomials that are divisible by Xk−1

Ii
Xk−1

Jj
= X2k−2

Ii
, and group

them as
X2k−2

Ii
f(X) ,

for some polynomial f in the variables (Xℓ : ℓ ∈ (I ∪ J) \ {Ii})). Any monomial in the
determinant expansion of VI,J that is divisible by X2k−2

Ii
must be obtained by picking the

(i, k) and the (j, 2k − 1) entries in the matrix VI,J(X) (see (2)).
Now, define I ′ = I[2k−1]\{i,j} and J ′ = J[2k−1]\{i,j} and observe that the (2k−3)×(2k−3)

matrix VI′,J ′ is obtained from VI,J by removing the rows i, j and columns k, 2k − 1 and
therefore f(X) = det(VI′,J ′(X)). We now claim that I ′ and J ′ comply with the conditions
stated in the proposition. First note that A′ = As \ {i, j} is a set for which (IA′ , IA′)
is no longer a minimally equal sub-pair (in fact, it is free of equalities). We also need
to show that the elements of A′ together with (some) elements B do not contain a new
set that gives rise to an equally minimal sub-pair. Indeed, if there is a A′′ ⊂ A′ ⊔ B
for which (IA′′ , JA′′) is a minimal equal sub-pair, then it must be that there are distinct
b1, b2 ∈ A′′ such that b1 ∈ A′ and b2 ∈ B. But note that in this case, A′′ and As have
a nonempty intersection and both correspond to minimal equal sub-pair of (I, J), which
contradicts Claim 3.6. Thus, the number of sets that correspond to minimal equal sub-
pairs in (I ′, J ′) is t−1 ≤ k−1. Hence, by the induction hypothesis, det(VI′,J ′) contains a
nonzero monomial m (with a ±1 coefficient) that is uniquely obtained among the (2k−3)!
different monomials. Hence, X2k−2

Ii
m is a monomial of X2k−2

Ii
f(X) with a ±1 coefficient.

Since this monomial cannot arise from any other term in the determinant expansion of
VI,J(X), this monomial is uniquely obtained in det(VI,J(X)), and the result follows.

We now analyze cases 2 and 3. The argument here will be similar to the one of
case 1 and actually almost identical to [CST23, Proposition 18]. We include it here for
completeness.

In the determinant expansion of VI,J as a sum of (2k − 1)! monomials, collect all the
monomials that are divisible by Xk−1

Ii
Xk−1

Jj
(here, observe that Ii ̸= Jj), and write them

together as
Xk−1

Ii
Xk−1

Jj
f(X) ,

for some polynomial f in the variables (Xℓ : ℓ ∈ (I \ {Ii}) ∪ (J \ {Jj})). By the choice
of i and j in these two cases, any monomial in the determinant expansion of VI,J that is
divisible by Xk−1

Ii
Xk−1

Jj
must be obtained by picking the (i, k) and the (j, 2k − 1) entries

in the matrix VI,J(X) (see (2)). Define I ′ = I[2k−1]\{i,j} and J ′ = J[2k−1]\{i,j} and observe
that the (2k − 3)× (2k − 3) matrix VI′,J ′ is obtained from VI,J by removing the rows i, j
and columns k, 2k − 1 and as a result f(X) = VI′,J ′ . We now claim that I ′, J ′ satisfy
the conditions of the proposition. Indeed, we have reduced the t by 1 if t > 0 and
thus the number of sets that give rise to minimally equal sub-pairs is ≤ k − 1. Also,
observe that if a pair of distinct-element sequences (I, J) is free from equalities, then
(I[2k−1]\{i}, J[2k−1]\{i}) is also free from equalities. This concludes that I ′, J ′ comply with
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the conditions for k−1. Thus, by the induction hypothesis, det(VI′,J ′) contains a nonzero
monomialm (with a ±1 coefficient) that is uniquely obtained among the (2k−3)! different
monomials. Hence, X2k−2

Ii
m is a monomial of Xk−1

Ii
Xk−1

Jj
f with a ±1 coefficient. Since

there is no other way to obtain this monomial in the determinant expansion of VI,J(X),
this monomial is uniquely obtained in det(VI,J(X)), and the result follows for these cases
as well.

Our next proposition shows that over a large enough field, a random selection of n
points α1, . . . , αn from that field will satisfy the following two conditions: (i) The points
are distinct and (ii) For every distinct-element sequences I, J ∈ [n]2k−1 containing at
most k minimal equal sub-pairs, it holds that det(VI,J(α)) ̸= 0. Specifically,

Proposition 3.11. Let n and k be positive integers and let q be a prime such that

q ≥ 200 ·
(

n

2k − 1

)2

· (2k − 1)! · k(k − 1) .

Let α = (α1, . . . , αn) ∈ Fq be a uniformly random vector. Then, with probability at
least 0.99, for every pair of distinct-element sequences of size 2k − 1 containing at most
k minimal equal sub-pairs, it holds that all the points in α are pairwise distinct and
det(VI,J(α)) ̸= 0.

Proof. Let I = (I1, . . . , I2k−1) and J = (J1, . . . , J2k−1) be two distinct-element sequences,
and let π be a permutation on [2k− 1] and define π(I) = (Iπ(1), . . . , Iπ(2k−1)) and π(J) =
(Jπ(1), . . . , Jπ(2k−1)). Then, det(VI,J) = ± det(Vπ(I),π(J)). Thus, two pairs of distinct-
element sequences (I, J) and (I ′, J ′) will be equivalent, (I, J) ∼ (I ′, J ′), if there exists π
such that I = π(I ′) and J = π(J ′). Define

F (X) =
∏
i<j

(Xi −Xj)
∏

(I,J)∈S/∼

det(VI,J(X)) ,

where S is the set containing all the pairs of distinct-element sequences that contain at
most k minimally equal sub-pairs and so the second product runs over all equivalence
classes under ∼. By Proposition 3.10, F (X) is a nonzero polynomial in the ring Z[X]
and its degree can be upper bounded by

deg(F ) ≤
(
n

2

)
+

(
n

2k − 1

)2

· (2k − 1)! · k(k − 1)

≤ 2 ·
(

n

2k − 1

)2

· (2k − 1)! · k(k − 1)

Indeed, the number of pairs of distinct-element sequences of size 2k − 1 that contain at

most k minimally equal sub-pairs is at most
(

n
2k−1

)2 · ((2k − 1)!)2 but since we consider
only equivalence classes, we divide by (2k− 1)!. Furthermore, one can easily see that the
total degree of each det(VI,J(X)) is k(k − 1). The

(
n
2

)
term corresponds to the degree of∏

i<j(Xi −Xj).
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Next, we bound the absolute value of any nonzero coefficients of F . Each det(VI,J(X))
is a nonzero polynomial with nonzero coefficients bounded in absolute values by (2k−1)!.
Thus, the absolute value of any nonzero coefficients of F is at most

((2k − 1)!)(
n

2k−1)
2
·(2k−1)! < e(

n
2k−1)

2
·(2k−1)!·k(k−1)

where the inequality follows by taking logarithms on both sides and applying Stirling’s
approximation.

Denote C(n, k) :=
(

n
2k−1

)2 · (2k − 1)! · k(k − 1). We claim that there is a prime q
in the interval [200C(n, k), 400C(n, k)] that does not divide at least one of the nonzero
coefficients of the polynomial F . Indeed, consider a nonzero coefficient of F , and assume
towards a contradiction that it is divisible by all such primes. Then, by the growth
rate of the primorial function, the absolute value of the coefficient is e200C(n,k)(1+o(1)),
in contradiction. Let q be the prime guaranteed by this argument. Then, F (X) is a
nonzero polynomial in Fq[X]. Therefore, by Lemma 3.1, with probability at least 0.99, a
uniformly random α = (α1, . . . , αn) is such that F (α) ̸= 0 and clearly, by the structure
of F (X), we have αi ̸= αj for all distinct i, j ∈ [n]. The claim follows by noting that for
any (I, J) ∈ S/ ∼, it holds that det(VI,J(α)) ̸= 0 and by the definition of the equivalence
relation, det(VI,J(α)) ̸= 0 for any (I, J) ∈ S.

3.2 Second condition

In order to prove Theorem 1.18, we need our points α to satisfy another algebraic con-
dition. In this subsection, as in Section 3.1, we show that over a sufficiently large field, a
random choice of points (α1, . . . , αn) satisfies this condition.

Definition 3.12. For pairwise disjoint, nonempty sets I1, . . . , I t ⊂ [n], we define the
matrix

AI1,...,It(X) =


1
∑

j∈I1 Xj

∑
j∈I1 X

2
j · · ·

∑
j∈I1 X

k−1
j

1
∑

j∈I2 Xj

∑
j∈I2 X

2
j · · ·

∑
j∈I2 X

k−1
j

...
...

...
. . .

...
1
∑

j∈It Xj

∑
j∈It X

2
j · · ·

∑
j∈It X

k−1
j

 ,

As in the previous section, we first prove that det(AI1,...,It(X)) is a nonzero polynomial
in Z[X].

Proposition 3.13. Let I1, . . . , Ik ⊂ [n] be pairwise disjoint, nonempty sets. Then,
det(AI1,...,Ik(X)) ̸= 0. Moreover, in the expansion of det(AI1,...,Ik(X)) as a sum of mono-
mials, there exists a monomial whose coefficient is ±1.

Proof. We prove it by induction on k. For k = 1, we have AI1(X) = 1. For the induction
step, assume the claim holds for k− 1, and we prove it for k ≥ 2. Let s ∈ Ik and express
the determinant as a polynomial in Xs,

det(AI1,...,Ik(X)) = fk−1(X)Xk−1
s + · · ·+ f1(X)Xs + f0(X) ,

where the polynomials fi(X) are over the variables (Xℓ | ℓ ∈ ∪t
i=1I

i \ {s}). Indeed, since
s ∈ Ik and s /∈ I i for all i ∈ [k − 1], the maximum degree of Xs can be k − 1. Thus,
det(AI1,...,Ik) = 0 if and only if fi(X) = 0 for all i = {0, 1, . . . , k − 1}.
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By the structure of AI1,...,Ik and the fact that the sets are pairwise disjoint, if we write
the determinant as a sum of permutations, then the only possibility to get a permutation
that contains Xk−1

s is to pick the (k, k) entry in the matrix which is
∑

j∈Ik X
k−1
j . Thus,

fk−1(X) = det(AI1,...,Ik−1(X)). By the induction hypothesis, det(AI1,...,Ik−1(X)) ̸= 0 and
thus the claim follows.

For Theorem 1.18 to hold, we require the evaluation vector α to be such that for
every I1, . . . , Ik that are nonempty, pairwise disjoint, and

∑k
i=1 |I i| ≤ 2k − 1 we have

det(AI1,...,Ik(α)) ̸= 0. In the following proposition, we show that over a sufficiently large
field it is likely to have many such α.

Proposition 3.14. Let n and k be positive integers and let q be a prime such that

q ≥ 200 · k2 · (en)2k−1 .

Let α = (α1, . . . , αn) ∈ Fq be a uniformly random vector. Then, with probability at least
0.99, for every collection of pairwise disjoint nonempty sets I1, . . . , Ik ⊂ [n] such that∑k

i=1 |I i| ≤ 2k − 1, it holds that det(AI1,...,Ik(α)) ̸= 0.

Proof. Define the following polynomial

P (X) =
∏

I1,...,Ik

|I1|+···+|Ik|≤2k−1
|Ij |≥1 ∀j∈[k]

det(AI1,...,Ik(X)) .

By Proposition 3.13, each multiplied element in the product is nonzero and so P (X) is
nonzero over Z[X]. We next claim that

deg(P (X)) ≤ k2 ·


2k−1∑
ℓ=k

(
n

ℓ

) ∑
i1,...,ik

i1+···+ik=ℓ
ij≥1 ,∀j∈[k]

(
ℓ

i1, i2, . . . , ik

)
Indeed, the degree of every determinant is ≤ k(k − 1)/2 ≤ k2 and the outer sum runs
over all possible values |I1| + · · · + |Ik| can take. Furthermore, the term

(
n
ℓ

)
is used to

choose the ℓ indices from n that will form the sets I1, . . . , Ik. For each such choice of ℓ
elements, we count all the different ways to choose k nonempty, pairwise disjoint sets out
of these ℓ elements. This corresponds to the inner sum. By the multinomial theorem, we
get

deg(P (X)) ≤ k2

2k−1∑
ℓ=k

(
n

ℓ

)
· kℓ

≤ k2

2k−1∑
ℓ=k

(
kne

ℓ

)ℓ

≤ k3 · (en)2k−1 .
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As in Proposition 3.11, we now claim that there exists a prime q in the interval
[200Cn,k, 400Cn,k] where Cn,k = k3(en)2k−1 that does not divide at least one of the coef-
ficient of P . Indeed, we note first that the number of monomials in det(AI1,...,Ik(X)) is
at most k! · 2k−1. Indeed, we first write the determinant as a sum over k! permutations,
where each term of this sum is the multiplication of k− 1 elements of the form

∑
j∈Iℓ X

s
j

for some s ∈ [k−1] and ℓ ∈ [k]. Furthermore, since only k−1 out of the k sets participate
in this multiplication, the sum of elements that are multiplied is at most ≤ 2k − 2.

Therefore, by the arithmetic mean geometric mean inequality, the expansion of each

such product adds at most
(
2k−2
k−1

)k−1
= 2k−1 monomials to the total sum. Thus, k! · 2k−1

is an upper bound on the absolute value of a nonzero coefficient in det(AI1,...,Ik(X)).
Consequently, the absolute value of a nonzero coefficient in P (X) is at most(

k! · 2k−1
)(en)2k−1

< ek
3·(en)2k−1

where the inequality follows by Stirling’s approximation. If a nonzero coefficient of P
is divisible by all primes in [200Cn,k, 400Cn,k] then by the growth rate of the primorial
function, the absolute value of the coefficient is e200Cn,k(1+o(1)), in contradiction.

We conclude that P is a nonzero polynomial in Fq[X]. Thus, by Lemma 3.1, with
probability at least 0.99 a uniformly random vector α ∈ Fn

q where q ≥ 200Cn,k, it holds
that P (α) ̸= 0 and the proposition follows.

4 Existence of [n, k] RS codes robust to (n − 2k + 1)-

permutation-insdel

We now prove the main theorem of this paper. In the proof, we shall assume that
α = (α1, . . . , αn) is such that the conditions in both Proposition 3.11 and Proposition 3.14
hold. Then, for this choice of α, we will show that the corresponding RSn,k(α1, . . . , αn) is
robust against the (n−2k+1)-permutation-insdel adversary by showing that the algebraic
condition in Proposition 2.5 holds.

Proposition 4.1. Let α = (α1, . . . , αn) ∈ Fn
q be such that the following two conditions

hold:

1. The points are pairwise distinct and for every pair (I, J) of distinct-element se-
quences of length 2k − 1 that contain at most k minimal equal sub-pairs, it holds
that det(VI,J(α)) ̸= 0.

2. For every pairwise disjoint non-empty sets I1, . . . , Ik, Ik+1 ⊂ [n] where
∑k+1

i=1 |I i| ≤
2k − 1, we have that the rank of AI1,...,Ik,Ik+1(α) is k.

Then, the respective RSn,k(α1, . . . , αn) code is robust against the (n−2k+1)-permutation-
insdel adversary.

Proof. According to Proposition 2.5, in order for the RSn,k(α1, . . . , αn) to be robust
against the (n − 2k + 1)-permutation-insdel adversary, we need to show that for ev-
ery pair of distinct-element sequences I, J , of length 2k − 1, the only elements in the
right kernel (if any exist) of VI,J(α) are of the form

(0, f1, . . . , fk−1,−f1, . . . ,−fk−1) . (4)
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Since α complies with Condition 1, we focus on pairs (I, J) of distinct-element sequences
that contain k + 1 minimal equal sub-pairs. We will prove that for such pairs, the only
elements in the right kernel of VI,J(α) are of the form (4). Denote by A1, . . . , Ak+1 ⊆
[2k − 1] the sets of indices such that for all j ∈ [k + 1], (IAj

, JAj
) is a minimal equal

sub-pair. Let
v = (f0, f1, . . . , fk−1,−g1, . . . ,−gk−1) ∈ ker(VI,J(α)) (5)

where f0, . . . , fk−1 are the coefficients of f(x) =
∑k−1

i=0 fix
i and g1, . . . , gk−1 are the coef-

ficients of g(x) =
∑k−1

i=1 gix
i and it holds that f(αIs) = g(αJs) for all s ∈ [2k − 1]. Note

that g(x) does not have a free coefficient. We restrict our point of view to A1, . . . , Ak+1 ⊂
[2k − 1] and because (IAj

, JAj
) is a minimal equal sub-pair for all j ∈ [k + 1], we get the

following k + 1 equalities∑
ℓ∈Aj

f(αIℓ) =
∑
ℓ∈Aj

g(αJℓ) , j ∈ [k + 1] . (6)

Consider the following linear map

G : F<k
q [x] → Fk+1

q

p(x) →

∑
ℓ∈A1

p(αIℓ), . . . ,
∑

ℓ∈Ak+1

p(αIℓ)

 .

We claim that it is an injective map. Indeed, let p(x), p′(x) ∈ F<k
q [x] such that G(p(x)) =

G(p′(x)). This implies that the polynomial p(x)− p′(x) ∈ F<k
q [x] satisfies∑

ℓ∈A1

(p− p′)(αIℓ), . . . ,
∑

ℓ∈Ak+1

(p− p′)(αIℓ)

 = 0 .

According to Condition 2, we have that the rank of AIA1
,...,IAk+1

(α) is k, i.e., full rank,

and thus it must be that p(x) = p′(x). Thus, going back to our vector v from (5), the
only possibility for all the equalities in (6) to hold is if f(x) = g(x). As g(x) does not have
a free coefficient, we get that v = (0, f1, . . . , fk−1,−f1, . . . ,−fk−1). We conclude that the
condition in Proposition 2.5 holds and thus, the corresponding RSn,k(α1, . . . , αn) code is
robust against the (n− 2k + 1)-permutation-insdel adversary.

Remark 4.2. We note that condition 2 in Proposition 4.1 is weaker than the one
in Proposition 3.14 and that it is implied by it. Indeed, observe that if for any sequence
of sets I1, . . . , Ik that are pairwise disjoint, nonempty, and

∑k
i=1 |I i| ≤ 2k − 1, it holds

that det(AI1,...,Ik(α)) ̸= 0 then clearly, if I1, . . . , Ik+1 are pairwise disjoint, nonempty,

and
∑k+1

i=1 |I i| ≤ 2k − 1, it holds that rank(AI1,...,Ik+1(α)) = k.

We are now ready to prove our main theorem, which is restated for convenience.

Theorem 1.18. Let k and n be integers such that 2k − 1 ≤ n. Let q be a prime such

that q ≥ 200 ·
((

n
2k−1

)
· (2k)!

)2
. Then, there exists an RSn,k(α1, . . . , αn) code that is robust

against the (n− 2k + 1)-permutation-insdel adversary.
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Proof. Given Proposition 4.1, we need to show the existence of α = (α1, . . . , αn) such
that conditions 1 and 2 hold.

Set q to be the smallest prime such that

q ≥ 200 ·
((

n

2k − 1

)
· (2k)!

)2

≥ 200 ·max

(
k2

(
n

2k − 1

)2

(2k − 1)!, k3(en)2k−1

)
,

where the inequality follows by applying the Stirling’s approximation and for large enough
n. By Proposition 3.11, and Proposition 3.14, a uniformly random chosen vector α =
(α1, . . . , αn) ∈ Fn

q satisfies Condition 1 with probability at least 0.99 and satisfies Con-
dition 2 with probability 0.99 (see Remark 4.2). Thus, with probability at least 0.98, a
randomly uniform vector in Fn

q satisfies both conditions. We conclude that such a vector
exists.

5 Explicit constructions

In this section, we will show that the previous constructions of RS codes that can correct
insdel errors [CST23, CST24] are in fact constructions of RS codes that are robust against
the permutation-insdel adversary.

5.1 The two-dimensional case

In this section, we use exactly the constructions presented in [CST24]. In order not to
repeat all the details, we will skip some details that are written in [CST24].

Theorem 5.1. For any n ≥ 3, there exists an explicit RSn,2(α1, . . . , αn) code over a field
Fq of order q = O(n3) that is robust against the (n− 3)-permutation-insdel adversary.

Proof. In this scenario, the V -matrices are of the form

VI,J =

1 αI1 αJ1

1 αI2 αJ2

1 αI3 αJ3


In [CST24], the authors presented points α1, . . . , αn over Fq, q = O(n3) such that
det(VI,J(α)) ̸= 0 for any two ordered sets that agree on at most one coordinate. It
was not explicitly stated that the proof works for any distinct-element sequences, but
one can verify that the authors assume no order on I, J . Therefore, if (I, J) contain two
equal minimal sub-pairs where the first one is of size one and the other is of size two,
then we also have that det(VI,J(α)) ̸= 0.

Furthermore, we claim that in fact, their claim is true even if I, J agree on two coordi-
nates (namely, it has two minimal equal sub-pairs of size one).Indeed, assume w.l.o.g. that
αI1 = αJ1 and αI2 = αJ2 and note that in this case, det(VI,J) = (αJ3 −αI3)(αJ2 −αJ1) ̸= 0
as both terms are nonzero. We conclude that Condition 1 in Proposition 4.1 holds.
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Now, we observe that condition 2 clearly holds as for any three sets I1, I2, I3 that
are disjoint, nonempty, and |I1| + |I2| + |I3| ≤ 3, it must be that |I i| = 1 and then
rank(AI1,I2,I3) = 2.

Thus, both conditions in Proposition 4.1 hold and thus the respective RSn,2(α1, . . . , αn)
(where the explicit points are given in [CST24]) is robust against the n− 3-permutation-
insdel adversary.

5.2 The general dimension case

In this section, we show that the construction [CST23, Construction 27] that presents an
RSn,k(α1, . . . , αn) code that can correct n − 2k + 1 insdel errors is actually also a con-
struction of RS code that is robust against the (n−2k+1)-permutation-insdel adversary.
Specifically, we prove the following.

Theorem 5.2. Let k and n be positive integers where 2k ≤ n. There is a deterministic
construction of an RSn,k(α1, . . . , αn) code over a field Fq of order q = nO(k2((2k)!)2) that is
robust against the n− 2k + 1-permutation-insdel adversary.

We recall the construction:

Construction 5.3. [CST23, Construction 27] Let k be a positive integer and set ℓ =
((2k)!)2. Fix a finite field Fp for a prime p > k2 · ℓ and let n be an integer such that
2k − 1 < n ≤ p. Let Fq be a field extension of Fp of degree k2 · ℓ and let γ ∈ Fq be such
that Fq = Fp(γ). Hence, each element of Fq can be represented as a polynomial in γ, of
degree less than k2ℓ, over Fp. Define the RSn,k(α1, . . . , αn) code by setting αi := (γ − i)ℓ

for 1 ≤ i ≤ n.

Another ingredient that we need is a version of the Mason–Stothers theorem that was
used in [CST23].

Theorem 5.4 (“Moreover part” of Proposition 5.2 in [VW03]). Let m ≥ 2 and Y0(x) =
Y1(x)+ . . .+Ym(x) with Yj(x) ∈ Fp[x]. Suppose that gcd(Y0(x), . . . , Ym(x)) = 1, and that
Y1(x), . . . , Ym(x) are linearly independent over Fp(x

p).6 Then,

deg(Y0(x)) ≤ −
(
m

2

)
+ (m− 1)

m∑
j=0

ν(Yj(x)) .

where ν(Yj(x)) is the number of distinct roots of Yj(x) whose multiplicity is not divisible
by p.

We are now ready to prove our theorem, and again we shall only indicate which parts
of the proof of [CST23] change in order not to repeat all the details.

Proposition 5.5. The RSn,k(α1, . . . , αn) code defined in Construction 5.3 is robust against
the n− 2k + 1-permutation-insdel adversary.

6Fp(x
p) is the field of rational functions in xp. Namely, its elements are f(xp)/g(xp) where f(x), g(x) ∈

Fp[x] and g(x) ̸≡ 0.
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Proof. We observe that in the proof of [CST23, Proposition 28] which proves that the
code can correct n − 2k + 1 insdel errors, the authors make use of Proposition 2.2.
While this suffices for correcting only insdel errors, as discussed in this paper, it is not
enough for the permutation-insdel adversary. The analogous proposition in this paper
is Proposition 3.11. It can be readily verified that if we use Proposition 3.11 instead
of Proposition 2.2 in the proof of [CST23, Proposition 28], then we get that for the
α = (α1, . . . , αn) defined in Construction 5.3, Condition 1 holds.

We now turn to prove that the condition in Proposition 3.14 also holds (and recall
the condition in Proposition 3.14 implies Condition 2 in Proposition 4.1). Namely, for
every pairwise disjoint, nonempty sets I1, . . . , Ik where

∑k
i=1 |I i| ≤ 2k − 1, it holds

that det(AI1,...,Ik(α)) ̸= 0. Assume that there is a collection of such sets for which
det(AI1,...,Ik(α)) = 0.

Writing det(AI1,...,Ik(X)) as sum of monomials, we recall that we can bound the num-
ber of monomials by k! · 2k−1. Therefore, we can write

det(AI1,...,Ak(α)) = P0(γ) + P1(γ) + . . .+ Pt(γ) = 0 , (7)

in Fq where t < k! ·2k−1 and each one of the Pi(γ)s is a univariate polynomial in γ over Fp.

Note that deg(Pi) ≤ (k−1)k
2

ℓ < k2ℓ and that (7) also holds over Fp[γ]. Moreover, assume
that P0, . . . , Pm is a minimal subset among {Pi}i≥0 that spans 0 over Fp. The existence
of such a set follows from (7). Note that it must be that m ≥ 2. Indeed, observe that
the mapping Xi 7→ (γ − i)ℓ is injective on the set of monomials. Therefore, there cannot
be two monomials in det(AI1,...,Ik(X)) (written as a sum of monomials) that are mapped
to the same polynomial in γ. Therefore, for some ai ∈ F∗p we write

P0 =
m∑
i=1

aiPi .

Now, let Q = gcd(P0, P1, . . . , Pm) and observe that deg(Q) ≤ ℓ(k2 − 1). Denote by
Pi = Pi/Q. We borrow another claim from [CST23] whose proof is omitted since it is
identical to that in [CST23, Claim 29]

Claim 5.6. [CST23, Claim 29] The polynomials P1, . . . , Pm are linearly independent over
Fp(γ

p).

Given the claim, we have the following three properties on the collection of the Pis:
(1) gcd(P0, . . . , Pm) = 1, (2) ν(Pi(γ)) ≤ k − 1, and (3) the polynomials P1, . . . , Pm are
linearly independent over Fp(γ

p). Thus, by Theorem 5.4,

deg(P0) ≤ −
(
m

2

)
+m

m∑
i=1

ν(Pi)

≤ m2(k − 1)

< (k!)222k−2(k − 1) .

On the other hand, deg(P0) ≥ ℓ = ((2k)!)2 which is clearly greater than (k!)222k−2(k−1),
in contradiction.
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